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1. Introduction and definitions of algebraic structures: rings,
fields, groups, vector spaces.

Introduction:

b++b? —4ac

2a

Starting point: Discussion regarding — as historical

motivation for entire course.

The search for a formula for the roots of the polynomial equation of
degree n, using the coefficients of the formula, the four arithmetic
operations, and extraction of roots. The work of Galois and Abel and their
insights which led to them looking at number fields, permutations of roots
of polynomials, and groups of permutations.

Note: All topics were connected to this basic goal throughout the course.
Definitions:

Rings, fields, groups, vector spaces — using tables to compare the sets of
axioms (see attachments).

Usual basic examples of fields and counterexamples:
Including Q(v/2), construction of finite fields of order 2, 3, 5 (order 4 in
homework)

Usual basic examples of rings and counterexamples:
Including Cartesian products of rings, rings of polynomials in one and 2
variable over Z, and over fields. z, .

Usual basic examples of groups and counterexamples:
Including additive and multiplicative groups of a field, definition
ofs,,{x1, i}, and group of rotations of the plane.

Usual basic examples of vector spaces and counterexamples:
Including vector spaces of functions.

Substructures: definitions and usual basic examples and
counterexamples.

Some basic claims — e.g.: In a subfield, the zero and identity element are
the same as in the field.
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2. Ring Theory: Ideals, homomorphisms, quotient structures.
Detailed examples.

The most important kind of substructure for a ring is not a subring but an
ideal:

Ideal:
Definition: Let R be a ring. A subset | of R is an ideal if it is an additive
subgroup such that: ax,xael forallainRand x in I.
Examples:
1. InP[x]:
- set of polynomials with O constant term = x P[x]
- set of polynomials divisible by x- 3 (notation: <x — 3>)
- trivial ideals.
But not: set of polynomials with rational coefficients
And not: set of pynomials with integer constant term.
2. InZ:
- 27.,.n7Z
- but not the set of odd integers.
Note: A field has no nontrivial ideals.
Claim: Forinideal linaringR: 1el <1=R

Definition: Let R be a ring. A subset | of R is a left (right) ideal if it is an
additive subgroup such that: axeR (xaeR) forallainRand xin I.

Clearly in a commutative ring, all left/right ideals are ideals.
Example: R=M,(Q)
Recall — matrix multiplication.

| ={g gj| a,beQ} is a right ideal in R but not as left ideal.

(Check multiplication with a matrix of 1s!)
Quotient rings:

Definition: Let R be aring, | an ideal.

For an element a in R, we define the coset of | determined by a to be the
set:

| +a={x+a xeR}.

Let R/1={l +alacR}=R(mod1).

Note that this is a set of sets.
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We note first that:
l+a=1+bsa-bel

Claim: Cosets are equal or disjoint.
In other words: | +anl+bzg=1+a=1+b

With proof.

We conclude that R/I in fact is a partition of R. Note of course that every
element in the ring is in some coset!

Quotient rings:
We define operations on R/l :

Addition: (1 +a)+ (1 +b)=1+(a+b)
Multiplication: (1 +a)-(1+b)=1+(a-b)

We claim that with respect to these operations, R/l is a ring.

We need to show first that the definitions are independent of the choice of
coset representatives.

Then examples to verify the axioms.

Examples of quotient rings:
Z/13Z, Z14Z, R[x]/<x-3> R[X]/<(x*-x-2)> (indetail, note here
that (J+(x+))JI +(x=2))=J, J=<(x*-x-2)>.)

Homomorphisms and isomorphisms of rings, kernel and image.

Definition: Let R and S be rings. ¢:R — S is a ring homomorphism if it is
additive and multiplicative and satisfies: ¢(1) =1.

Examples:
- Inclusion function of Q[x] in R[X].
n --- 0
- ¢:Z — M, (Z)defined by: ¢(n)={0 "-. 0| but not
0 --- n
n --- 0
p(n)={0 . 0].
0 --- 0

- p:Z—>7Z16Z, @(n)=n+6Z.
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(02Q[X]—>Q(\/§) ¢(9(X)):9(\/§)
- @ RIX]>C, o(g(x) =9(i)
P:ZxZ—>Z, p(Xy)=X

Definitions: Let R and S be rings. ¢:R — S a homomorphism:
kergp = {a eR| ¢(a) = O}

Imep= {¢(a)| ae R}

Claim: The kernel of a homomorphism is an ideal in R.
Claim: The kernel of a homomorphism is trivial if and only if the
homomorphism is one-to-one.

Note that the Image of a homomorphism is an additive subgroup of S.

A homomorphism that is 1-1 and onto S is called an isomorphism.
In such a case we write: R=S.

The Homomorphism theorem for rings.
Let R and S be rings. ¢:R —S a homomorphism onto S. Then R/kerp=S.

Example: R[x]/<x?+1>=C as <x:+1> is the kernel of the
homomorphism we had above.

12
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3. Commutative rings and detailed examples, Principal ideal
domains, Special commutative rings, polynomial rings. Unique
factorization domains

Special properties of the ring of integers:

- The Euclidean property:
For any integers a and b there exist integers g and r such that:
a=bg+r, 0<r<|p

Example: 17 =5*3 + 2
- Every ideal of Z is principal — proof in assignment 2.

- Unique factorization into primes in Z.

Every integer has a factorization into primes. The factorization is
unique up to order of factors and signs.

Example: 30 = 3*5*2 = (-5)*(-3)*2 = (-2)*5*(-3) etc.

- Every two nonzero integers have a greatest common divisor,
and it is unique up to a sign.

Note: By "greatest” common divisor we mean that if d is a gcd of
a and b then for any d' dividing a and b we have d' dividing d.

All these properties can be generalized.
We shall start with some definitions:

Commutative Domains.

Definition: A ring R is a commutative domain if it is commutative and for
andaandb

iINR: ab=0=a=0 or b=0.

: Z
Examples: Z, Z[x], but not Zxz, AZ :

Primes and irreducibles in rings.

Definition: For aring R, p in R is a prime element if it is nonzero, not
invertible

and if forany a, b in R: plab= pla or pp.

Definition: For aring R, x in R is an irreducible element if it is nonzero,

not invertible
andiffora,binR: x=ab=a or b isinvertible.

Examples.

13
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Prime numbers in Z are prime elements and irreducibles.
Irreducible polynomials over a field are both prime and irreducible.

Claim: Prime elements in a domain are irreducible.

Proof: Let p be a prime and assume p = ab.
Then plabso we have pla or pjb. Wlog (=Without loss of generality)

we assume
pla. So there exists some element u in the the ring such that pu = a.

This gives us: pub =ab =pandso p(ub—-1) =0.
Since R is a domain this implies that ub = 1 (as p is nonzero), so that the
factorization of p is trivial.

The converse is not true!
Example: z|v=5| has irreducibles that are not prime, and does not have
unique factorization to irreducibles.

Proof: We claim that 2 is irreducible but not prime.

We first show that 2 is irreducible.

Suppose 2= (a+b\/—_5Xc+d\/—_5)where a,b,c,d integers, then since this ring
Is a subring of the field of complex numbers, recalling that for complex
numbers X + iy we have: |x+iy|* =x+y?, and that the complex norm is
multiplicative, we get: 4=(a®+5b?)c?+5d?).This yields either:

(a2 +5b?)=2=(c? +5d?) which is impossible, or one of the factors equals 1
and the other 4. Wlog if (a?+5b?)=1then a=+1, b=0 and then a+bJ=5
is invertible in the ring.

We now show that 2 is not prime.

In the ring we have: 6=3.2=(1++/5 f1—v=5) so that 2‘(1+\/—_5X1—\/—_5) .

However it is easy to see that 2 does not divide 1++/~5 in the ring, and so
IS not prime.

Generalizing the special properties of Z:

Principal ideal domains — definition.

Examples: Z but z[x] is not a PID.

Claim: The ring of polynomials over field is a PID — proof in assignment
2.
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We say 2 elements are associates if they are equal up to multiplication by
a unit (= an invertible element)
e.g. 2 and (-2) are associates in Z.

Unique factorization domains

Definition: A commutative domain is a unique factorization domain (=
UFD)if every nonzero, noninvertible element can be decomposed as a
product of primes, and this decomposition is unique up to order of the
factors and associates.

Examples:
Z, Z[x], F[x] but not z(V=5).

Definition of a greatest common divisor in a ring.

Claim: In a PID every two nonzero elements have a gcd.

Proof:

Let a, b be nonzero elements of R . Look at: | =Ra + RDb

It is an ideal and so principal. So there is some element d such that Rd
=Ra + Rb.

We claim that it is a d=(a,b).

Since aeRdso dja. Similarly we get dfb .

It remains to show the maximality of d.
Suppose we have d' such that d’ja,b then Ra, Rb < Rd’and so also

Rd = Ra+Rb < Rd’"which implies that d’|d

As a corollary we obtain:

Bezout's Theorem

In a PID, if a,b nonzero non-units such that d=(a,b) then there exist u, v in
the rin g such that au + bv =d.

As a corollary from Bezout's theorem we also have that Z/pZ is a field
for prime p.
(From Assignment 3, question 2 we get a different proof of this fact!)

Claim: In a PID an element is prime element if and only if it is
irreducible.
Proof: omitted.

Claim: Every PID is a UFD.
Proof: omitted.

Note that this implies that Z(\/—_S) is not a PID.

15
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Converse is not true: Example: Z[x] is a UFD but not a PID.

Claim: In a UFD every two nonzero elements have a gcd.
Proof by calculation of the gcd (and lcm) in a UFD using the
factorizations:

If a=]]p", b=]]p"we can calculate directly:
(a, b) — H pimin{ri,Si}, [a, b] — H pimax{ri,si}

Note:

In Z we have 3 different ways of finding the (a,b)=d
1. Using the fact that Za + Zb = Zd.

2. Using prime factorizations as above.

3. Using the Euclidean algorithm.

16
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4. Chinese Remainder Theorem and RSA.

Chinese Remainder Theorem:

Historical introduction

o

Chinese Remainder Theorem

The following problem was posed by Sunzi [Sun Tsu](4th
century AD) in the book Sunzi Suanjing:

There are certain things whose number is unknown.
Repeatedly divided by 3, the remainder is 2;
by 5 the remainder is 3;

and by 7 the remainder is 2.

What will be the number?

The answer is hidden in the following song:

- Sunzi Ge
= ANRBITEC1T+H
AT A e H — AR

-C -7 B [ SE A A=
— B RO E AL

Solution:
Recall: a=b(modn) < nja-b<a+nZ=b+nz

X must be 2(mod3), 3(mod5) and 2(mod7).

We can take x = 23 for example.

17
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Statement of the CRT for Z.

Let Ny,--- N, be mutually prime positive integers. Then given any integers
r,,--- 1. there exists an integer x such that: x =r,(modn;)for all i.

Examples and counterexamples.
If: n=3n,=5n,=14
r=4r,=0r=-3
X = 4(mod 3)
Then we want x to satisfy: x =0(mod5)
X =-3=11(mod 14)
So that x = 25 is a solution.

Note that the solution is not unique.
In fact x =25+3-5-14k is a solution for any integer k.

How do we solve?
It is best to look at the congruence for the largest of the n, (in our case

x =11(mod14) and construct a sequence of solutions:

11, 25,39, ...

And check which satisfy the other congruences. First find one which
satisfies the second congruence x=0(mod5), and then continue as

necessary in the arithmetic sequence with difference n,n, =70 and so on.

X = 4(mod 9)

Example: There is no solution to the congruences: X = 0(mod 3)

Oystein Ore mentions a puzzle with a dramatic element
from Brahma-Sphuta-Siddhanta (Brahma's Correct System)
by Brahmagupta (born 598 AD):

An old woman goes to market and a horse steps on her basket
and crashes the eggs. The rider offers to pay for the damages
and asks her how many eggs she had brought. She does not
remember the exact number, but when she had taken them out
two at a time, there was one egg left. The same happened when
she picked them out three, four, five, and six at a time, but when
she took them seven at a time they came out even. What is the
smallest number of eggs she could have had?

18
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We have to solve:

x =1(mod 2)
X =1(mod 3)
X =1(mod 4)
X =1(mod 5)
X =1(mod 6)
X = 0(mod 7)

The smallest solution here is 301!

Statement of the CRT for an arbitrary commutative ring R.
Let I,,--- 1, be mutually prime ideals, that is: 1; + 1, = Rfor i = j.

Then given arbitrary elements a,,---a, € Rthere exists an x € R such
that for all j: X+ 1; =a; +I; (or in other words: x=a,(mod ;) for all j).

We first show how the CRT for Z follows from the general theorem:

Proof:

Define 1; =n;Z then as we have Ny,--- Ny be mutually prime we get

I, +1; =2, i= j.Therefore the ideals satisfy the requirements of the
Theorem and the conclusion holds: X+ n;Z =a; +n;Z , in other words:
x =a;(modn;,)forall j.

We prove the theorem only for 2 ideals in an arbitrary commutative

ring:
Since I, +1, = Rwe have b; € I;such that b, +b, =1.

Let x =a,b, +ab,. Then we have:

X+ 1, =ab +ab,+1,=ab,+1,as a,b €1,.
X+|1:a1b2+Ilzai(l_b1)+|1:a1_a1bl+|1:a1+|1
as a,b 1,.

Simlarly we get: x+1, =a, +1,.

The proof in the general case, which we shall skip, is actually proved
directly using the case for n = 2.

Example:

19
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Calculation of an element satisfying simultaneous congruencies in Z:
Let us find an integer x such that:

x = 2(mod 3)
x = 3(mod 5)
X =2(mod 7)

We start with, say 2(mod7), and construct a sequence of elements
satisfying it:

2,9, 16, 23, 30, 37, 44,51, 58, 65, 72, 72, 79, 86, 93, 100, 107, 114, 121,
128, ...

The red elements satisfy that they equal also 2(mod3)

From these we choose the elements (underlined) satisfying also that they
equal 3(modb).

Here we have 23 and 128 that satisfy all 3 congruences.

Corollary from the CRT:
k
Let m=]] p," where p, are distinct prime numbers. Then

i=1

Proof:

] jas follows: f(a)=(a+ p,"z,---,a+ p,"2).

We define f :Z —)ﬁ(% .

Then f is a homomorphism of rings as:
a+b+p"Z=a+p,"Z+b+p,"Z
ab+p,"Z :(a+ pi"ZXb+ pir‘Z)
F@) =+ piz, 1+ p*2Z)

What is the kernel of ?

f(a):(0+ p,"Z,--,0+ pkrkZ)<:>aEO(mod p,") for alli.

This holds if and only if a=0(modn).

Hence ker f =nZ.

Our theorem will then follow from the homomorphism theorem if we

k
show that the map f is onto H(%i“zj'

i=1
Let b,,---b,be arbitrary integers. We need to find some x such that for all i.
£(x)=(b, + p,"Z,-+-.b, + p,*Z) but this means that x = 0(mod p,") for all i.
Such an element is guaranteed by the CRT.

K
Hence: 2/, ;H(%inz}
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Note: The CRT is actually equivalent to this isomorphism.
Corollary: For (k,1) =1 we have %IZE %ZX%Z.

As an application of the CRT we look at:

RSA public key cryptography:

Introduction.

In 1976, Rivest, Shamir and Adelman published the following method of
public key cryptography.

The basic idea:

The encryption method is known to the public.

The decoding method is secret.

Description of the encoding and decoding.

We start with 2 "very large" primes (at least 1000 digits long): p,, p,

We note here that the largest prime known so far has 12.9 million digits!
Define: d = p,p, .

The factorization of d is considered impossible in practical terms without
knowing the primes.

Example: In 2005 it took 5 months to factor on huge computers a number
with 193 digits.

We define: e=(p,-1( p,-1) and choose a "large" integer r prime to e.

There exists an integer s such that sr =1(mode) (for instance, by Bezout).

We publishd and r.
(the other numbers remain secret.)

Encryption: We take message a which is a sequence, say of binary
digits.

We limit our messages to be smaller than d.

Encrypt this as b=a"(modd).

Decoding:

We calculate b°(modd)and claim that it equals a!

Proof that it works using previous corollary.
Z/_~Z Z ' ' :
Az ~ AMZ XA)ZZ and under the isomorphism we constructed:

b+ (—)(b+ p,Z,b+ pZZ) so that b° <—>(bS +p,Z,b° + pZZ):(ars +p,Z,a" + pZZ)
By Bezout we have integerst, r: te+rs=1.

21

,NP'ONNNY DN 7Y 'WIRD DYIN'YY 711X TV DR'0NNNN1DYTAN DRIINA Y7RI0YY DRARWA 1107 nvimin yap '
,N0N WIN'Y 10T 77521 ,NMINXK N10N 757 DT yaipa INY7) win'y NIYYY? 'K .0NMIMDA ARINYE N7 D ,np'T'o
10N 770 IR DT yalp 7 Ny NINKR 0T Y90 IR 12D NIYA7 nTavn L (DNmn T'7n 12 1900 N INK 0YNnY?) INK INKA DI0ND



Case 1: a is prime to d.

By Fermat's Little Theorem (that we shall prove later):

a®? =1(mod p,), a'®™® =1(mod p,), soa®=a®™ " =1(mod p;)
Then we shall have: a=a*"™ =a"-a" =1-a" =b*(mod p,) giving
a=b*(modd) using our isomorphism.

Case 2: a is not prime to d.

In this case, one of the primes divides a, and the other does not.

We omit the details but assuming wlog that a=0(mod p,) we obtain in a
similar manner to Case 1 that

b*+dZ < (0+p,Z,a+p,Z)«>a+dzZ and as this correspondence is an
iIsomorphism we have again a=b*(modd).
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5. Group theory: Introduction, subgroups, quotient groups

Read Mario Livio pp 45 — 50.
We shall assume from now that operation in our group is multiplication.

Cosets in groups: If H is a subgroup of a group G, a an element of G,
then the set Ha is a right coset of H in G.

As in rings, cosets of groups are disjoint or equal.

Example: We examine S, in some detail.
- Cycle notation:

We take for example n =7.

1234567
Let o=
3156472

We note that we have: 153 5554 5657 —>2 1.
This is a cycle and we write it as (1354672).
Any permutation can be decomposed as a product of disjoint cycles.

For example: = (1234567 J = (13)(254)(67)

3512476
Note that the order of the disjoint cycles will not matter as they commute!

This notation makes multiplying easier and is more convenient in general.

We denote the action of a permutation on an index as follows: o (i) =i°.
This fits in with our reading the multiplication from the left was we then

have: i =(i° )" i.e. the left-most permutation acts first.

For example:
(135)(214) = (13542)
(13)(123) = (1)(23) = (23)

Cosets inS,:

We can now write S, = {1, (12), (13), (23), (123), (132)} and take the subgroup
H={ 12)}.

The right cosets will be:

H=1{,12)}

H(13) = {(13), (12)(13)} = {(13), (123)}

H(23) = {(23), (12)(23)} = {(293), (132)}
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Odd and even permutations and their properties:

Definition: A permutation is odd if the number of pairs of indices whose
order is switched is odd.

A permutation is even if the number of pairs of indices whose order is
switched is even.
1234567

Example: &=
3156472

count the number of switched orders. For instance, this is an even
permutation.

j By connecting equal indices in both rows, we can

An easier way of checking is by using the cycle decomposition as we
have that:

Cycles of odd length are even, cycles of even length are odd.

Example: Look at (1345). Connecting the equal indices in the 2-row
12345}

representation and see it is odd. (1345) =(
32451

Moreover:

- the product of 2 even permutations is even.

- the product of 2 odd permutations is odd.

- the product of an even permutation with an odd one is odd.

Hence we also have that set of all even permutations, A,, is a subgroup of
S

Definition:

A subgroup N of a group G is normal if for any ae G: Na=aN.
We denote this: N <G.

We note that Na=aN < a*Na=N.

Note that this is an equality of sets — and does not imply that elements of
N commute with all the elements in G.

Examples:
In an abelian group every subgroup is normal.
The subgroup H above is not normal, however A, is a normal subgroup

of s, .
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More examples from Mario Livio's book:

Taking a pair of reversible, symmetric pants, we look at the group of
symmetries of the pants.

That is, defining o to be the operation reversing left and right (flipping
the pants over), and r to be the operation that turns the pants inside-out,
we have a group of 4 operations: G ={l,0, 7, o7 =75}
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S. Loyd's 14-15 puzzle:

S. Loyd (1841 — 1911) offered a prize to anyone who could find a series
of moves that could reverse 15 and 14 only in the puzzle:

2 |3 |4
6 |7 |8
101112
3114115

ool

Where one can slide squares into the empty slot up, down or sideways.
For instance, the following sequence of moves into the empty slot:

15, 14,13,9,5,6,7,8, 12, 15

will give us the following :

2 |3 |4

7 |8 |12
101115
13|14

OO

Corresponding to the permutation: (56 7 8 12 15 14 13 9)

1,2, 3,4,10 and 11 and the empty space remain as they were. This is an
even permutation.

The group defined by the puzzle is the group of all possible permutations
of

1,2,....15, and an empty space that we can get.

We can prove that every possible permutation we obtain in this way is
even.

Hence the permutation that switches only 14 and 15 cannot be obtained as
it is odd!

Rubik's cube (1974)

The group of the cube is the group of all possible rotations of the cube.

For example for i = 1,3 we can denote by R, a rotation of layer i (x-y
plane, around

the z-axis) through 90 degrees clockwise.

Its inverse will be the rotation of layer i anticlockwise.

Similarly for i = 1,3 we denote by S, a rotation of column i (y-z plane,

around the

26
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X-axis) through 90 degrees clockwise, and for i = 1,3 we denote by T, a
rotation of
column i (x-z plane, around the y-axis) through 90 degrees clockwise.

These 6 elements generate all the elements of the group.

For example note that: R;S,does not equal to S,R,so the group is not
abelian.

It turns out that the order of the group is 43,252,003,274,489,856,000.
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Index of a subgroup:

Definition: The index of a subgroup H ina group G is the cardinality of
the set of cosets.

Note that the cardinality is the same for right and left cosets.

We denote the index |G : H|

Lagrange's Theorem
If H is a subgroup of a finite group G, then its order divides the order of
the group.

The proof follows from the fact that every coset contains the same
number of elements which is the number of elements in H, hence:

G| =[H][G:H].

Note that this implies that the index divides the order of the group as
well!

Corollary: If a is an element of a finite group then its order divides the
order of the group.

Quotient groups.

For a normal subgroup N of a group G we define a product on the set of
cosets G/N as follows: Na-Nb= Nab.

This is well-defined, as if Na=Na’, Nb=Nb’then we have Nab= Na'b’
(Check! - here we have to use the normality of N)and gives us a group
(the quotient group).
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6. Homomorphisms of groups, simple groups, cyclic groups,
finite groups: The Sylow's theorems.

Homomorphisms of groups.

Definition: ¢:G — H is a group homomorphism if

fora,b e G: p(ab) = p(a)p(b).

Note: This implies also that (1) =1.

As with rings we define the kernel and image of a homomorphism.

Claim:
The kernel and image of a group homomaorphisms are both subgroups.
The kernel is a normal subgroup.

The homomorphism theorem for groups.
Let ¢:G — H is a group homomorphism onto H. Then G/kerp=H .

Examples:

1. GL(n,F), the group of matrices over F of nonzero determinant.
We map each matrix to its determinant.
This maps the group onto F*.
The kernel is SL(n,F).

2. S, .

We map each even permutation to 1, and each odd permutation to -

The kernel of the homomorphism is A,.

A group is called simple if it has no nontrivial normal subgroups.
Claim:

A nontrivial finite abelian group is simple if and only if it is of prime
order.

Proof: Use Lagrange's theorem.

Example: A, is simple for all n greater or equal to 5.

Cyclic groups
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Definition: The cyclic group <a>generated by a group element a is the
smallest subgroup containing that element.
In fact: <a>={a"|kez}.

Examples:
Note that in Z as an additive group, 1 is a generator.

Claim: Every subgroup of a cyclic group is cyclic.
Proof: in the assignment.

Note: Also quotients of cyclic groups will be cyclic.

Claim:
Suppose G is cyclic of order n and m divides n, the there exists a unique
subgroup of order m.

Proof:

We write n = md.

Suppose G =<a> . Then it is easy to see that <a® > is cyclic of order d.
Now suppose that H =<b > is a subgroup of order m.

There exists some integer k such that a* =b . Wlog we assume K is
positive.

a‘" =b™ =1 Hence md =n| kmand so d| k. That means that b is a power of

ad

And so H c<a® > but as both sets are of order m, they must then be
equal.

Conjugacy classes.

Definition: x and y are conjugate ina group G if JacG: y=a'xa.

Note that conjugacy is an equivalence relation.
The classes are called conjugacy classes.

Examples:

1. GL(2,C)

In a group of square matrices, conjgate matrices are "similar".

We know for instance that over the complex numbers, every matrix is
similar to a matrix in Jordan form, so that in the group GL(2,C) the
possible Jordan forms are:
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(a 0] (a 1j
, a,p=00r , a#0
0 B 0 «

This means that the conjugacy classes with a representative which is a
diagonal matrix of the first type or a non-diagonalisable matrix of the
second type.

2. Sn

It turns out that 2 permutations in S, are conjugate if and only they have
the same cycle structure when decomposed as a product of disjoint
cycles.

For example we can check that:

123456789
124653897

[(124)(37)(695)]” = (123)(48)(375) where o =(

Definition: The centre of a group G is the set Z(G) = {z e G| zg = gz Vg € G}
It is easy to check that it is a normal (abelian) subgroup.

For a specific element g in a group we define its centralizer:
Definition: The centralizer of a g is the set C(g) = {a eG|ag=ga }

It is easy to check that it is a subgroup.

It turns out that if G is finite then the number of elements in the

conjugacy class Cl(g)of an element g is given by [CI(g)| :%

Corollary: [CI(g)|divides the order of the group.

Definition: For a prime p, a p-group is a group in which all the elements
are orders which are powers of p.

Claim: The centre of a nontrivial finite p-group G is nontrivial.
We write the elements of the group as a disjoint union of its conjugacy

classes:
G=C,u---uC,

Gl=[C+-IC.|= 2G|+ 2 [C]

ICi|=L ICi]>1

We then get that:
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Since we already know that \Ci\ divides \G\ then we must have
IC;|=0(mod p) if |C|>1.
Hence we conclude that:

0=[6]= Y [mod p)

Ci|=1
Note also that \Ci\ =1 only for classes whose representative is in the

centre of the group. Hence we conclude that the number of such classes is
Z(G)).

In other words: |Z(G)| = 0(mod p) meaning that the centre is nontrivial.

The Sylow theorems.

We have seen that in the case of a finite cyclic group, for every number
dividing the order of the group we have a unique subgroup of that order.
In general this is not true.

For example in s, there are 2 non-isomorphic subgroups of order 4:

- the cyclic group generated by (1234)
- the subgroup {1, (12)(34), (13)(24), (14)(23)}

- and there are cases when there does not exist a subgroup of
certain orders which divide the group order.

For finite groups and prime divisors of the group order, however, we can
guarantee the existence of subgroups of prime power orders. This turns
out to be very useful.

The Sylow theorems

Let G be a finite group of order p“mwhere p is a prime and (p,m) =1.
Then:

1. G has subgroups of order p" for every r <k.

In particular it has a maximal p-subgroup of order p“called a
Sylow

p-subgroup.

All Sylow p-subgroups are conjugate, and so isomorphic.

The number of Sylow p-subgroups n, =1(mod p).

Every p-subgroup is contained in a Sylow p-subgroup.

ny| m.

s wn
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Note: The theorems actually give more information about n,, but we
shall omit it.

Classification of all groups of order 15.

We shall apply the Sylow theorems to classify all groups of order 15.
Suppose G is of order 15.

By Sylow we have:
ny5, ny=1(mod3), hence n, =1.

Similarly: n;| 3, n;=1(mod5), hence n, =1.

This means that the two Sylow subgroups are unique.
Since any conjugate of a Sylow subgroup is also a Sylow subgroup, this
also implies that they are both normal.

Both will be cyclic as 3 and 5 are primes.

If X generates the group of order 3 and y generates the group of order 5,
then as <y> is normal we must have x‘yx=y"' for some .

Now we have x® =1 so x°yx® =y but

2,1 2,ty2 _ t®

X2y = x72x7yx- X2 = x Py = xfl(xfly‘x)x = xfl(xflyx)t Xx=xty'x=y
We then have y* =y which means t* =1(mod 5).

Checking possibilities we find that only t = 1 satisfies this!

This means that x and y commute, so their product is an element of order
15 and our group is cyclic.
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7. Solvable groups and finite simple groups. The Feit -Thompson
Theorem, The Classification of finite simple groups,

Solvable groups

Example:

We have the following "normal series" in S, :
1<H={, (12)(34)} <V, < A, <SS,
We examine the quotients:

- H is cyclic of order 2

- V,/H is cyclic of order 3
- A, v, is cyclic of order 3
- S,/A, is cyclic of order 2

Definition:
G is solvable if there exists a normal series:
1=G, <G, «---<G, such that G, «G,,, and G,,/G, forall i.

i+1

Note:
If we have such a series we can always find a normal series in which the

quotients are cyclic.

Examples:

- 84

- any abelian group is solvable.

- any nonabelian simple group is not solvable, e.g. A is not solvable.
- S, is not solvable!

This uses the fact that A is not solvable.

If we had a normal series as above for S.:

1=G, <G, «---<G, =S, such that G, <G,, and G,,/G, foralli.

i+1

then intersecting each G, with A, we would get a normal series for A,

and it is easy to show that the quotients would all be abelian — giving a
contradiction.

Claim: Finite p-groups are solvable.

Proof:

If our group G is abelian then it is solvable. Assume not.

We showed already that the centre of a p-group is nontrivial.

We take G, =Z(G). If the quotient G/Z(G) is abelian, we are done.
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If not, as it is also a p-group, its centre z(G/Z(G))is nontrivial. By the
homomorphism theorem, this group is of the form G,/z(G) where

G, <G.

Hence we have now: 1=G, <Z(G)=G, <G,.

If G/G,is abelian, we are done — if not we continue by taking its

(nontrivial) centre.

We reach G in a finite number of steps.

The notion of a solvable group goes back to Galois, and turns out to be of
great importance in his proof that the general polynomial equation of
degree n is not solvable by radicals.

For modern group theory the most important theorem regarding solvable
groups was proved in 1962:

The Feit-Thompson Theorem(1962)

Finite groups of odd order are solvable

Example:
Any group of order 3974821 is solvable!

Conclusion:
Every finite nonabelian simple group has even order.
The theorem was a first in many respects:

Apart from its mathematical importance, it had the longest proof of any
theorem up to that time!

The proof used results of Brauer in modular representations and
characters of finite groups developed in the 1950s, as well as including
other new methods and results.

It turned out to have long-range important implications.
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The proof was 252 pages long, the whole of VVolume 13, no.3 of the
Pacific Journal of Mathematics

Chapter 1, from Solvabdity of groups of 0dd order, Pachc ). Math, vel. 13, no. 3 (1063)

Yiew PO! view Almiract

Chapter 1L, from Solvabilty of groups of ood order, Fachc J. Math,, vol 13, no. 3 (1963)

WML Fall a0 Joon G, Thaomos, 7ok

View POF view Absact

Chaptertll, from Scivabiity of greups of odd order, Pacific ), Math,, vol, 13, mno. 3 (1963

wrne Feo o G, Thompson; BOM-Bad

Yiew POY viow Abwract

Chapter 1V, from Soivability of greups of odd order, Pacific 1. Math,, vol. 13, s, 3 (1063)

Fell e lonn G, Thammon; M-S

Yiew MO} View Altract
Chapter ¥, from Solabikty of grouws of odd arder, Pacific J. Math,, wvel. 13, no. 3 (15963)
G TR DO .08

View POF View At

Chaptar V1, from Sobvabilty of groups of odd order, Pacific ] Math,, vol, 1), no. 3 (1063)

e Jon
Yiewm MO! View Alntract

Bibkography, from Solvabilty of groups of odd arder, Pacific J. Math,, vol, 43, no. 3
(1963)
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The Classification of finite simple groups (1983, 2004)
(Gorenstein, LLyons., Solomon, Aschbacher....and about 100 others!)

Historical background:
Question: What are all the finite simple groups (up to isomorphism)?

Motivation:

The classification of finite simple Lie groups, and the Feit-Thompson
theorem, which suggested ways of characterizing the structure of a finite
simple group.

Clearly there are an infinite number of isomorphism types — for instance:
- %Z for any prime p.

- A, nx5

There are also many infinite families of matrix groups, for instance, if F
is a field of order q:

- PSL(n,q) = SL(n,q)/Z(SL(n,q)) are simple unlessn =2, and q =2 or
3.

(We shall see later that there are infinitely many such q.

Better Question:
Is it possible to list all the finite simple groups (up to isomorphism)?

It turns out that in addition to the infinite families of the types listed
above, there are also examples of special simple groups:

In 1860 Mathieu discovered a simple group not of the above types, and
then later found another 4 such groups: M,,,M,,,M,,,M,,,M,,

Additional "sporadic” finite simple groups were discovered between 1965
(the Janko groups) and 1974 in an attempt to classify all finite simple
groups (these were discovered by chance, by trying to build counter-
examples!).

In 1972, Gorenstein suggested that it would be possible to give a
complete list of finite simple groups involving the known infinite families
plus a finite list of sporadic groups.

In 1976, it was in the final stages of proof.
Finally announced in 1980.
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Statement of the theorem:

If G is a finite simple group then it is one of the following:

- %z for a prime p.

- A, nx>5

- a simple matrix group over a finite field. (these are called
groups of Lie type, there is a list of a finite number of
types: classical families, exceptional families and twisted
families)

- one of 26 sporadic groups.

Significance and implications:

The proof was a huge step forward, it was not even believed possible in
the early 70s!

It now means that many general theorems can be proved using the
classification, by checking cases.

There is also the task of understanding the structure of the known groups,
especially the stranger of the sporadic groups.

The proof consists of hundreds of papers — the first being the Feit-
Thompson theorem.

In the 1990s Gorenstein, Lyons, and Solomon gradually published a
simplified and revised version of the proof (in 6 volumes) but still
containing some significant gaps,

In 2004 Aschbacher and Smith published a two-volume supplement

(almost 1300 pages!) that removed the last gaps in the proof (the case of
quasi-thin groups).

The sporadic groups, the Fisscher Griess Monster (1982)

The Fischer —Griess Monster

In 1973, Fischer and Griess hypothesized the existence of a new and
gigantic simple group with very special properties.
Griess constructed it (thus proving its existence) in 1980.
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John Thompson showed that the uniqueness would follow from a claim
that was proved in 1990 by Griess, Meierfrankenfeld and Yoav Segev.

The order of the group M is:

246.320.5%.7%.112.13%.17-19-23-29-31-41-47 - 59
.71

808017424794512875886459904961710757005754368000
000000

=~ 8- 10>
- M has 194 conjugacy classes.
- "Moonshine" properties:

Connections between conjugacy classes of M and
a special class of modular elliptic functions.

1998 — Richard Borcherds received the Fields
medal for proving these connections.

The first 3 irreducible character degrees are: 1, 196883,
21296876

Corresponds to the elliptic modular function

j(Z)=%+196884q+21493760q2+... , q=e2m'z
And:

1 +196883 = 196884
1+ 196883 + 21296876 = 21493760

39

,NP'ONNNY DN 7Y 'WIRD DYIN'YY 711X TV DR'0NNNN1DYTAN DRIINA Y7RI0YY DRARWA 1107 nvimin yap '
,N0N WIN'Y 10T 77521 ,NMINXK N10N 757 DT yaipa INY7) win'y NIYYY? 'K .0NMIMDA ARINYE N7 D ,np'T'o
10N 770 IR DT yalp 7 Ny NINKR 0T Y90 IR 12D NIYA7 nTavn L (DNmn T'7n 12 1900 N INK 0YNnY?) INK INKA DI0ND



Bibliography

J. H. Conway and S. P. Norton, Monstrous Moonshine, Bull.
London Math. Soc. 11 (1979), no. 3, 308—339.

R. L. Griess, Jr, The Friendly Giant, Inventiones
Mathematicae 69 (1982), 1-102

Conway, J. H.; Curtis, R. T.; Norton, S. P.; Parker, R. A.;
and Wilson, R. A.: Atlas of Finite Groups: Maximal Subgroups
and Ordinary Characters for Simple Groups. Oxford, England
1985.

S. P. Norton, The uniqueness of the Fischer-Griess Monster,
Finite groups---coming of age (Montreal, Que., 1982), 271—
285, Contemp. Math., 45, Amer. Math. Soc., Providence, RI,
1985.

Griess, Robert L., Jr.; Meierfrankenfeld, Ulrich; Segev,

Yoav A uniqueness proof for the Monster. Ann. of Math. (2) 130
(1989), no. 3, 567-602.

Koichiro Harada, Monster, lwanami Pub. (1999) ISBN 4-000-
06055-4, (written in Japanese)

P. E. Holmes and R. A. Wilson, A computer construction of
the Monster using 2-local subgroups, J. London Math. Soc. 67
(2003), 346—364.

Ivanov, A. A., The Monster Group and Majorana Involutions,
Cambridge tracts in mathematics, 176, Cambridge University
Press, ISBN 978-0521889940

S. A. Linton, R. A. Parker, P. G. Walsh and R. A.

Wilson, Computer construction of the Monster, J. Group Theory
1 (1998), 307-337.

M. Ronan, Symmetry and the Monster, Oxford University
Press, 2006, ISBN 0192807226 (concise introduction for the lay
reader).

M. du Sautoy, Finding Moonshine, Fourth Estate,

2008, ISBN 978-0-00-721461-7 (another introduction for the lay
reader; published in the US by HarperCollins
as Symmetry, ISBN 978-0060789404).

Thompson, John G. (1984), "Some finite groups which
appear as Gal L/K, where K € Q(u,)", Journal of Algebra 89 (2):
437-499,d0i:10.1016/0021-8693(84)90228-X, MR751155.

40

,NP'ONNNY DN 7Y 'WIRD DYIN'YY 711X TV DR'0NNNN1DYTAN DRIINA Y7RI0YY DRARWA 1107 nvimin yap '
,N0N WIN'Y 10T 77521 ,NMINXK N10N 757 DT yaipa INY7) win'y NIYYY? 'K .0NMIMDA ARINYE N7 D ,np'T'o
10N 770 IR DT yalp 7 Ny NINKR 0T Y90 IR 12D NIYA7 nTavn L (DNmn T'7n 12 1900 N INK 0YNnY?) INK INKA DI0ND


http://en.wikipedia.org/wiki/John_Horton_Conway
http://en.wikipedia.org/wiki/Simon_P._Norton
http://en.wikipedia.org/wiki/R._L._Griess
http://en.wikipedia.org/wiki/John_Horton_Conway
http://en.wikipedia.org/wiki/Simon_P._Norton
http://en.wikipedia.org/wiki/Richard_A._Parker
http://en.wikipedia.org/wiki/Robert_Arnott_Wilson
http://en.wikipedia.org/wiki/Simon_P._Norton
http://en.wikipedia.org/wiki/R._L._Griess
http://en.wikipedia.org/wiki/Special:BookSources/4000060554
http://en.wikipedia.org/wiki/Special:BookSources/4000060554
http://en.wikipedia.org/wiki/Robert_Arnott_Wilson
http://en.wikipedia.org/wiki/International_Standard_Book_Number
http://en.wikipedia.org/wiki/Special:BookSources/978-0521889940
http://en.wikipedia.org/wiki/Mark_Ronan
http://en.wikipedia.org/wiki/Special:BookSources/0192807226
http://en.wikipedia.org/wiki/Marcus_du_Sautoy
http://en.wikipedia.org/wiki/Special:BookSources/9780007214617
http://en.wikipedia.org/wiki/Special:BookSources/9780060789404
http://en.wikipedia.org/wiki/John_G._Thompson
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1016%2F0021-8693%2884%2990228-X
http://en.wikipedia.org/wiki/Mathematical_Reviews
http://en.wikipedia.org/wiki/Mathematical_Reviews

8. Field theory: Introduction. Extensions of fields.

Algebraic extensions of fields

Definition:
If FcKare fields, « <K is algebraic over F if it is a root of a polynomial
iNF[x].

If o K is algebraic over F, the monic polynomial of minimal degree over
F of which « is aroot is called its minimal polynomial.

Claim: Minimal polynomials are irreducible.
Proof: Assignment 7

Claim: If p(x) is the minimal polynomial of «, and f(a)=0 then
pPOI|f (x).
Proof: Assignment 7

Definition:
If F < Kare fields, and every element of K is algebraic over F, then it is
called an algebraic extension.

Definition:
If F < Kare fields, « K is transcendental over F if it is not algebraic
over F.

Examples:

- All elements of F are algebraic over F.
- i, 2 are algebraic over Q.

- J7++/5 +1is algebraic over Q.

- e, x are transcendental over Q.

If F < Kare fields, o e K denote by F(«) the smallest subfield of K
containing F and « ,and by F[«] the smallest subring of K containing F
and «.

If F < Kare fields, we denote by |K : F| the dimension of K as a vector
space over F.
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Note that as ~ is transcendental over Q , the powers of rare linearly
independent over Q. Hence we have: |R:Q|=.

In fact we have:

Claim: If F cKare fields: « eK is algebraic over F<  |F(a):F| is finite
= F(a): F[a].

In fact in the above situation we have that |F(«): F|=deg f where f is the
minimal polynomial of « over F.

Proof of the claim:

The first "iff" is clear: the existence of a polynomial of which « is a root
shows that its powers are linearly dependent.

We now look at the second part of the claim:

Clearly F(a)= F[e], so it suffices to show that F[«] is in fact a field.

We need to show that every nonzero element has an inverse.

Let 0= f(a)e Fla] and let p(x) be the minimal polynomial of « .
We write:

f (x) =q(x) p(x) +r(x) where r(x)=0 or degr(x) <degp(x).
By our previous claims, p(x) is irreducible, and as 0= f(a)=r(a) we
must have that r(x) =0 and that p(x)and r(x) are relatively prime.
We there fore have g and h such that p(x)g(x)+r(x)h(x) =1 and then get:
1= p(@)g(a)+r(a)h(a) =r(e)h(a) = f (@)h(«) . This means that h(a) = f (a)™
inFla].

Fundamental extension theorem:
Let p(x) e F[x] be irreducible, then there exists and extension field K of F

in which p(x) has a root, and if K is minimal with respect to this property,
is uni ' ism. i ~ FIx]
then K is unique up to isomorphism, in fact K = A(X)F[X] :

Proof:

If degp(x)=1 we can take F = K.
We now assume deg p(x) >1.

We take a new indeterminate u.
p(u)F[u] is a maximal ideal in F[u].
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_ F[u] i i
HencekK = o(U)F[u] is a field.

We shall show this also directly:

Any nonzero element g e K is of the form g=g(u)+ p(u)F[u], g ¢ pF[u].
Since p is irreducible this means that p and g are relatively prime. Hence
by Bezout we have r, s: p(u)r(u) + g(u)s(u) =1and so:

g(uw)s(u) €1+ p(u)F[u].

So g7 =s(u)+ p(u)F[ulin K.

We now show that p(x) has a root in K. Writing p(x)=> ax' and
denoting o =u+ p(u)F[u] in K we get that:

p(a)=> a(u+ pu)F[ul) => au' + pu)F[u]=0in K.
Regarding F as embedded in K via the map: a+ a+ p(u)F[u], we regard

K as an extension of F.
We shall skip the proof of the uniqueness of K.

Example:

QW2) =Qx)/(x* —2).

All the elements are of the form: a+b+/2.

In fact the isomorphism is: ¢:a+bv2 > a+bx+(x? -2).

For instance we can check directly that it is multiplicative.

We note that over this field x* -2 =(x++/2 |x—+/2) factorization to linear
factors.
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9. Splitting fields, Galois groups.

Definition: If F cKare fields, f(x)eF[x], K is called a splitting field
for f over F if f factors completely over K and K is minimal with respect
to this property.

Examples:
- Q(~/2)is a splitting field for x> -2 over Q.
- Q(@/2) = Q[x]/(x* - 2)is not a splitting field for x* -2 over Q as over

Q(¥/2)we have: x*-2= (x—%/Esz +3/2x+ (i/i)zjand both factors are

irreducible over Q(3/2)as the roots of the quadratic polynomial are :

32 (343)2 ~4fi2f (yg)—lé“@ which are non-real whereas Q(¥/2)is a

subfield of the reals.
In fact the field Q(%/E,i\@) is a splitting field for x* -2 over Q.

Corollary from the Extension Theorem:
Let f(x) e F[x]. Then there exists a splitting field for f over F and it is
unique up to isomorphism.

Proof:
We extend F if necessary to a field K, containing a root of f: «,.

We recall that:

Claim: aisarootof f(x)inafield F if and only ifx—a|f(x) over F.
Hence we have f (x) = (x— o, )f,(x)over K,, and the degree of f,(x)is
smaller than the degree of f(x).

We continue to extend K, to a field K, containing a root «,of f,(x).

We then have some f,(x)of smaller degree than f,(x) such that

f(x) = (x—a, x—a,)f,(x) over K, and so on.

The process ends as the degree of f is finite. The uniqueness follows from
the uniqueness at each stage when we extend to get another root.

Characteristic of a field:

Definition: If there exists some positive integer n such that 1 added to
itself n times equals zero, the smallest such n is called the characteristic
of the field: charF =n

If no such n exists we say charF = 0.

Examples:
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- charQ=0
- charz/2Z =2
- charZ/pzZ=p

Note: (Assignment 7) The characteristic of a field is either O or prime.
Note also: Any field is a vector space over any subfield (Assignment 7).
In particular:

Claim: If p(x)is the minimal polynomial of an element a over a field F,

then the dimension of K = F[’y

over F as a vector space equals
p(X)F[x] pace €q

the degree of p(x).

Notation:
If F and K are fields, We denote by K/F the fact that F c K.

This is not ambiguous as fields do not have nontrivial ideals, hence no
quotient structures!

Detailed Example:

We calculate the splitting field of the polynomial x* -5 over Q:
Extending to Q(+/5) we can begin to factor the polynomial:

X' —5= (x2 —\/§Xx2 +\/§)

Extending again to Q(4/5) we get:

x*-5= (x—‘{/gXx+‘{/§XXZ +\/§)

In order to factor the irreducible quadratic we need to adjoin i to
getK =Q(i,4/5):

This is the splitting field of the polynomial x* -5 over Q as we have:
x* —5:(x—4\/§Xx+4\/§Xx—i“\/§Xx+i4\/§)

We define a function ¢: K - Kby ¢(a)=a.

Note that this is an automorphism of K (= isomorphism from K onto
itself).
It fixes all real elements of K.

For example: (0(2 +ilU5) —7‘&/3] —2-i{U5] - 745
This means that the subfield Q@ (X/5) is fixed point-wise by ¢.

In general:
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If o, are 2 automorphisms of a field K then so are their product

(composition), so is the identity map, and so is their inverse (check that
the inverse is indeed a field homomorphism!) — so that the set of
automorphisms form a group denoted: AutK.

Given a field extension K/F we denote by AutK/F those automorphisms
of K that fix every element of F.
In the example above, ¢ € K/Q(4/5).

Galois groups:

Definition: The Galois group of a field extension K/F is the set of
automorphisms of K that fix F element-wise. It is denoted by Gal(K/F).

Definition: The Galois group of a polynomial over F is the Galois group
of its splitting field over F.

Examples: We note that GalK/K = 1 and that if Q is a subfield of K we
have that Gal(K/Q) = Aut K.

Galois Theory gives a one-to-one correspondence between normal
subgroups of Gal(K/F)and certain subfields (called normal extensions) of

K containing F.
Separable polynomials.

A polynomial is called separable if its irreducible factors have distinct
roots.

We note that this is always true for any polynomial when the field
characteristic is 0.

However, there are cases when the field characteristic is prime, where the
polynomial is not separable.

Theorem (Galois):
If % is the splitting field of a separable polynomial in F[x] then

‘Gal(%l —dim, E =|E: F|
Recall that:

Claim: If F < K c Eare fields then [E: F|=|E:K]|-|K:F|

46

,NP'ONNNY DN 7Y 'WIRD DYIN'YY 711X TV DR'0NNNN1DYTAN DRIINA Y7RI0YY DRARWA 1107 nvimin yap '
,N0N WIN'Y 10T 77521 ,NMINXK N10N 757 DT yaipa INY7) win'y NIYYY? 'K .0NMIMDA ARINYE N7 D ,np'T'o
10N 770 IR DT yalp 7 Ny NINKR 0T Y90 IR 12D NIYA7 nTavn L (DNmn T'7n 12 1900 N INK 0YNnY?) INK INKA DI0ND



Proof: Assignment 8

We return to our example above: K =Q(i,4/5).

Q6,45):Q|=|Q(i, ¥5): Q5)|- R(¥B): Q)| |Q(5) : Q= 2-2-2=8
Hence we have that Gal(Q(i,‘{/E)/Q) is a group of order 8.
We shall look at this group in detail later.
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10. Galois groups of polynomials as permutation groups on their
roots.

Important observation of Galois:
Claim: If f(x) e F[x] then Gal('%:) permutes the roots of f(x)that are

contained in K.

This then means that the Galois group can be considered to be a subgroup
of S, where n is the number of roots of f.

Proof of claim:

Suppose «is aroot of fin K, and¢ is an automorphism in Gal('%:) :
We have f(x)=> ax", a, eF.

Hence we have: 0=¢(0) = o(f(a))=> a,p(a)" as a, eF.

This means that ¢(«) is also a root of f.

Examples of Galois groups:

1.  What s the Galois group of x*+1over Q?
The splitting field is Q(i) which has degree 2 over Q. so we know

GaI(Q(%) has 2 elements and so is cyclic of order 2.

Here the only nontrivial automorphism is complex conjugation which
indeed is of order 2 and switches i and —i the 2 roots of x* +1.

- The Galois group of the polynomial x* -5x* +6 and determining them
up to isomorphism.

2. What is the Galois group G of x* —5x* +60ver Q?

We note that x* —5x2 +6 = (x* —3)x? —2) so that the splitting field is
QW3,2).

If peGthen (V3] =p(3) =3 Hencep(v3)=+13 .

Similarly pv2)=+2.

This gives 4 optionsl,¢,w, oy -

A olz) 2

vlV3)=+3, vlV2)=-v2,

o \B)=—3, pyl)= 7.

We therefore have G =C, xC,
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We also note that: Gal(Q(V3,+2)/Q(v2))= 11 ¢} and
Gal(Q(V3,v2)/QlV3)= L v}

3. Class Activity:

My 41

D19010N NTY SYN X3 + 2x +1 DY9N v Galois NMan NN IR
: DYNAN OYTYNN 29D DMDIPNIN
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172N DMARN 190D MY TN ,Galois Y vawn »ad N
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Solution — in separate file.

Example 4:
Determining the Galois group GaI(Q(i’%%j of the polynomial x* -5

over Q:

As in our previous examples we know that it can be considered a
subgroup of s, as it is a permutation group on the 4 roots: +4/5, +i4/5 of
x*-5.

Calculating dimensions again we see that the Galois group has order 8.

Fact: There are only 5 groups of order 8 up to isomorphism:
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Cs, C,xC,, C,xC,xC,, D, Q

Our group cannot be cyclic as S, has no cyclic subgroup of order 8.
Similarly, one can rule out all the other groups on the list except for D,.
However we can show that the group is isomorphic to D, directly:

Clearly complex conjugation (which is an automorphism of C restricts to
an automorphism of the splitting field of order 2. This corresponds to a
reflection inD,.

Also the map which sends i to itself and sends 4/5 to i4/5 will in fact be of
order 4 and rotates the roots +4/5, +i4/5 cyclically — corresponding to a
rotation in D,through 90 degrees.

All other elements in the group will be generated by these 2 maps, and
gives the isomorphism between the two groups.
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11. Cyclotomic fields: Q(¥1)

Definitions:
A cyclotomic field is an extension of the rationals by a root of
unity.

An nth root of unity is primitive if it is of order n.

We denote g:eTm =1 .

Note that all roots of unity lie on the unit circle in the complex
plane.

Examples:
- i isa primitive 4™ root of unity.
- We find all primitive 9" roots of unity:

8?25, fz, 54, 55’ 6g7’ 58

Clearly over Q(¥1) we have: x"—1=ﬁ(x—§k).

Definition:

The minimal polynomial of a primitive nth root of unity over the
rationals

is called the nth cyclotomic polynomial and denoted 2, (x).

The factorization of x" -1, over the rational numbers:

Note that 4 (x)x" -1 over the rationals.
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We determine the cyclotomic polynomials for some values of n:

- A(X)=x-1

- A, (X)=x+1

- As(X) =X +x+1

- A,(X)=x"+1

- A (X) = x* —x+1

- 2,(x)=x""+---+x* +x+1, for a prime p.
(We get that these are irreducible as a corollary of
Eisenstein's Criterion.)

Detailed examples:

Example 1: We shall factor x°-1 over Q.
X8 —1= (% —1J0 +1) = (x =LY x + 1Yx? + x+1[x* —x +1)

We shall find the roots of each factor:
(x=1) (x+1) (X +x+1) (x> —x+1)
1 -1 w,0 Yool
where o is a primitive cubed root of unity and pis a primitive
6" root of
unity. We conclude therefore that 2,(x) = x> - x+1.

Note that using the quadratic formula we can calculate these
directly.

In fact: o= _1+2i*/§, p= 1_;‘/5 SO we see that in fact —w=p.

(The choice of i or —i is arbitrary.)
This actually tells us that Q(%/1) =Q(/1).
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Comparison of different cyclotomic fields of dimension 2
over the
rationals:

We note that as vector spaces over the rationals, the fields
Q1) and
Q(i) are both of dimension 2 and therefore isomorphic. However
they
are not isomorphic as fields — which we can see by checking the
multiplication, or by noting that, for instance Q()does not
contain a root of 4,(x) = x? +x+1.

Example 2: We shall factor x°-1 over Q.
X —1= (33 —1fx® + 53 +1) = (x—1)x? + X +1[x® +x° +1)

We omit the check that in fact x°+x®+1 is irreducible, giving us
that:
Ag(X) =x° +x° +1.

Definition of Euler’s ¢ -function:
o(n) = the number of positive integers smaller than n and prime
ton.

Theorem: ‘Q(Q/i) :Q\ =deg, (x) = (n)
- without proof.

Theorem: x"-1=[]4,(x).

djn

Number theoretic corollary: n=> ¢(d)

d|n

Example:

x® —1=(x* =1x® +1) = (x =Y x +1)(x? + X +1)x? = x +1) = 4, (x)A, ()25 ()24 (%)
We note also that indeeddegi,(x) = p(6)=2.
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Proof:

First it is clear that if djnthen 4,(x)x" -1, as 41 is also a root of

x" —1in this case, so its minimal polynomial must divide x"-1.
We now assume that p(x)x" -1 and p(x) is irreducible.

If «is aroot of p then itis a root of x"-1, and so «" =1. Hence if
d is minimal such that «* =1we have that «is a root of 4,(x)
which is irreducible. Hence we have 2,(x)= p(x) .

We note that since all the complex roots of x"-1are distinct,

each factor appears exactly once, and we have proved the
theorem.

More examples to illustrate both theorems:

2. n=9
x° —1= (x3 —1Xx6 +x° +1): (x—l)(x2 + x+1Xx6 +x° +1): 2, (X) 25 (X) A4 (X)
and deg i, (x) = p(9) =6.

3. n =12
By the theorem:
X' 1= 2, (%), (x)2; ()2, (x)2 (x)1, (x)
And we have:
X2 1= (x® —1)x® +1) = (x— L)X +1)(x? + x+1)x? — x +1)x® +1)
= (x—=1)Yx+1)(x2 + x+ 1Y = x+1[x? +1)x* +x* 1)
By dividing x®+1 by x* +1.
Hence we conclude that 4,,(x) = (x* +x? -1), and indeed
p(12)=4.

Note:

We note that in all the examples we have seen so far, all the
coefficients

in the factorizations over the integers have been 0, 1 or -1.

It is interesting to speculate if this is always the case.
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In fact: it is not! The first counterexample is n = 105!
Note that 105 is the first integer to be divisible by 3 distinct odd
primes.

Migotti‘'s Theorem (1883):

If n = pq, for p and q distinct primes, then
the coefficients of the nth

cyclotomic polynomial are only O, 1 or -1.
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12. The general polynomial equation of degree n and
solvability by radicals.

Prime fields in characteristic 0.

Let F be a field of characteristic 0.
The smallest subfield of F is called its prime field.

We claim that this field is isomorphic to Q.
We first note that it necessarily contains 0 and 1.

For any positive integer n denote by nthe element in F obtained
by adding 1 to itself n times.

Note that in F, n=mimplies n=m as the characteristic is 0.
Identifying —n with —n we see that the prime field of F contains
a copy of the integers.

T S
In a natural way we can then see, that identifying - with n* for

nonzero integers n and extending the map multiplicatively, we
have constructed an isomorphism between the prime field and

Q.

Statement of Theorem (Galois):
If charF = 0, and F contains a primitive nth root of unity then:
The Galois group Gal(K/) is cyclic if and only if k = F(a) where

is a root of a polynomial of the formx"-a, acF.

For instance if F = Q(¥1)the condition holds.
Note that the condition on F guarantees that K will be a splitting
field for x"-a, aeF.

Example: F=Q(e), K =F({2)

Corollary:
If f(x)eQ[x]and K is its splitting field over Q then:
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Gal(%) is a solvable group if and only there is a sequence of

fields:
Q=K, cK, c---cK,

K such that the Galois groups GaI(Ki%_)

are cyclic for all i.

Solvability by radicals:

Note that in this case K is generated over Q by nth roots of
various elements of Q for some n, or of extension fields of Q by
adjoining nth roots.

In such a situation, the roots of f(x) e Q[x] will therefore be
expressible in terms of the 4 arithmetic operations and
extraction of nth roots.

We say in a situation like this that f(x)=o0 is solvable by
radicals.

e QWYE) Vb i
Example: Gal( AJ = D, IS a solvable group.

We have the sequence:
Q=K, =Q() =K, cQ[V5,i)=K, = Q{5,i)=K,

All the Galois groups of the quotients are cyclic of order 2.

Indeed the roots of the polynomial x* —5are expressible in terms
of radicals of elements of Q(i), including of course the roots of
unity +iover Q.

Example: The quadratic equation ax* +bx+c=0 is solvable by
—b++/b* —4ac

2a
elements in the field Q(a,b,c,/b? —4ac) which is an extension of
dimension 2 ofQ(a,b,c).

radicals over Q as the roots are: which are

Theorem (Galois):
The polynomial equation f(x)=0 over Q is solvable by radicals
if and only if its Galois group over Q is solvable.
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We now look at the general polynomial equation of degree n
over Q:
x"+a X" +a, Xx"?+---+ax+a,=0

and the question of solvability by radicals for this equation.

Recall that the question Galois wanted to answer was whether
formulas exist for the roots in terms of the coefficients of the
equations.

We therefore need to consider the field Q(@,,a,,--,a, ,), where
a,.a,---,a,, are transcendental over Q, in other words,

considered as formal variables, and then if the roots belong to an
extension of this field obtained by taking roots, then they will be
expressible in a formula of the type we see in the quadratic
formula.

Statement of main theorem:

If K is the splitting field for the equation:

x"+a, X" +a, x"?+..-+ax+a, =00VerQ(a,,a,,---,a, ,), where
a,,a,,---,a _, are transcendental over Q, then:

el K (e 2,13, =5
Corollary:

Since s, is not solvable forn>5, the general polynomial equation
of degree n over Q, for n>5 is not solvable by radicals over Q.

Example of a rational polynomial which is not solvable by
radicals (Emil Artin):

5
flz)=2" -2 -1 s a rational polynomial whose Galois group
over Q is the full symmetric group Ss, which is not solvable.
Therefore this polynomial is not solvable by radicals!
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13. Finite fields: detailed examples and properties

Prime fields in characteristic p:

Claim: If p is prime and charF = p thenF, =2/ _ cF.

pZ=
Proof. We look at the set:
0, 1, 1+1, 1+1+1, --- 1+1+---+1 p-1times.

Clearly, this set is isomorphic to Z pz @san additive group.

Moreover, as a consequence of the distributive law, looking at
products, we get that it is also isomorphic to Z pz 5@ field.

Consequences:
1.  Every field of finite characteristic is an extension of %Z.

2. Inparticular, every finite field is an algebraic extension of
Z
7z

3. %z is the only field of order p (up to isomorphism).

Note:
There exist infinite fields of characteristic p as well.

We shall prove the following theorem in stages:

Main Theorem:

For every prime p and natural number k >1 there exists a unique
field of order p*, and every finite field is of prime power order.
(We denote this field cF(p*).)

Notes and comments:

The theory of finite fields developed throughout the 19" century
beginning with unpublished work of Gauss and Galois.

The theorem above was the result of the work of a number of
people and not all details are known.
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Dedekind constructed in 1857 fields of order p* as quotient
rings of polynomial rings modulo ideals generated by
irreducible polynomials.

Dickson's book published in 1901 contained the entire theorem
and most of the results presented here.

We first show the last statement in the theorem:

Every finite field is of prime power order.
(proved by Eliakim H. Moore in 1893)

Proof:
Suppose F is a field of order n.
As we showed, %z < F, where p is prime and charF = p.

Therefore F is a vector space of finite dimension, say k over
%z , as it is finite. A vector space of dimension k over a field

of order p has p* elements, as each element can be represented
uniquely as a linear combination of k basis elements where each
coefficient can be chosen in p ways. so n= p“.

Comments:

1.  Regarding the uniqueness in the theorem - note that the
situation in characteristic zero is very different.
For example the fields: Q(i) Q(v2) Q(e) are all of
dimension 2 over Q but are nonisomorphic.

2. Note that the theorem tells us that there are no fields of
order 6, 10 etc!

Examples:

- The finite field of order 4 as the quotient
F,[x] -
FIX](x* +x+1)°

Note that the polynomial x*+x+1 is irreducible over F,. Indeed it
is the only irreducible quadratic over this field!

We can represent its elements wlog as the representatives of the
cosetstobe: o, 1, x, x+1.
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Constructing multiplication and addition tables mod(x? +x+1) we
can show that we get a field isomorphic to that constructed in
the exercises.

We have now proved the existence of such a field. We saw then
that there was only one way to construct the tables. This shows
that GF(4) is unique.

} inite fi _ FRIx] -
The finite field of order 16, K = FIOC 457 +1) -

Checking we can verify that x*+x*+1 is irreducible overF,, and

use it to construct FZ[X]F . . ..which will then be of order
,[X](x" + %7 +1)
16.

We regard the elements as polynomials in x of degree less or
equal to 3.

We give examples to illustrate addition and multiplication in
this field:

(x2 +1)+(x3 +x? +1)= (x3 + x+1)

- this is simply addition (mod2).

(x2 +1)-(x3 +x° +1): X+ 2x* + X3+ x+x=x" + X} + x+x (Mmod 2)
= (x+1)-(x* + 3 +1)+ (X +1)=(x+1)  mod(x* +x* +1)

Note also for instance that in this field:

(x+1)-x* =x* +x* =1
So that x®is the inverse of x+1 in the field.

As we saw in the proof of the basic extension theorem, the
element o = x+ F,[x](x* + x* +1) IS a root of x*+x*+1 in our field.
The elements: 1, «, «?, «° form a basis for the field as a vector
space over F,.

The multiplicative group of the field K* is of order 15.
Hence the order of « in this group must divide 15.
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We note that a« =1, «* =1 .
Moreover we have:

a=a’+1, o :(a3 +l)a:a“ +a=a’+a+1=1.
So « must be of order 15 and so the multiplicative group of the
field is cyclic.
Indeed, one can write all the elements of K as powers of «
together with the zero element.

We can use the following table to do arithmetic in GF(16), using
the first column for multiplication, and the second or third for
addition.
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3 representations of the elements of GF(16)

Let o be a root of the polynomial f(x)=x*+x*+1 over GF(2).

0 0 0000
1 1 0001
a a 0010
o o 0100
o o 1000
o o +1 1001
o o +a+l 1011
o o ratra+l 1111
o ot va+l 0111
& P ratta 1110
o a?+1 0101
o'° o’ +a 1010
ot o’ +a?+1 1101
o’ a+l 0011
o ot +a 0110
o+ o +a? 1100
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Theorem (without proof):
The multiplicative group of a finite field is cyclic.

Note: Q* is not cyclic!

Theorem:
If F is a finite field of order g, then it is the splitting field of the

polynomial x* —xover GF(p), where p is prime and charF = p.

Proof:

Note that every element of F is a root of x* —x as F* is of
order g-1so a®* =a, VaeF™* and therefore these are roots of
x* —x, and clearly O is also a root of x? —x.

Note:
Over a field, using the fact that over a field, a is a root of f(x)in
a field F if and only ifx—a|f (x) over F, we can show by

induction on n that a polynomial of degree n has at most n roots.
(This is not true over rings!)

Since x? —x s of degree g, it has at most q roots in any
extension field of F. Hence these are all the roots of x* —x and
over F we have:

X4 —x= H(x—a) which means that F is the splitting field of

acF

x4 —x.

Consequences of the theorem:

1. If Fisa field of order g, then the minimal polynomial of
any element of F divides x° —x.

2. The theorem implies the uniqueness of any field of a given
order, as splitting fields are unique up to isomorphism.

Construction of a field of order p*:

We take the field F,and the polynomial x* —x .
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Let E be its splitting field over F,.
We claim that E has p*elements.
We note first that in E, the roots of x** — xare distinct.

To show this we apply the derivative test. The derivative can be
defined formally for any polynomial.

Derivative test for multiple roots:
If ais a root of f(x)then:

a is a multiple root for f(x) < a isaroot of f'(x)

Proof: Since a is a root of f(x)we have g(x)such that:
f(x)=(x-a)g(x)

So that a is a multiple root for f(x) < g(a)=0

We have f'(x)=g(x)+(x—a)g’(x), so that a is a multiple root for

f(x) < f'(a)=0.

We now check the derivative of x* —x:

(x'[’k —x) = p“x”" 1 —1=—1(mod p)
In particular the derivative is never zero, and so has no multiple
roots.

Therefore E contains all the p* distinct roots of x" —x and so
has at least p*elements. It remains to show it has at most
p*elements.

To show this we shall show the set of roots is in fact a subfield,
so by minimality of the splitting field it equals E.

Clearly 0 and 1 are roots of x" —x so they are contained in the
set of roots.

If a and b are roots then we havea™ =a, b® =b

It is easy to see that (ab)” =a”b” =ab.

Now(a+b)” =a” +b” over any field of characteristic p.
Similarly: (a+b)” =(a? +b?) =a" +b*
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Inductively we then get: (@+b)” =a” +b* —a+b
Hence ab and a + b are in the set of roots.

If ais a root then —a will also be a root as:

- if the characteristic of the field is 2, then simply a = -a
- if the characteristic is greater than 2 then p*is odd, in
which case:

(_ a)pk =—a” so that (—a)pk —(-a)=-a* +a=0,

pk

If a is a root then a~"will also be a root as since (a)

getthat a*=a® =(a*)
Hence the set of roots is a field and so equals E.

=a,we

As we noted before, the uniqueness of the field follows from the
uniqueness of splitting fields in general. However we shall show
it directly by constructing an isomorphism:

Claim:

Suppose q = p* and E is the splitting field of x* —x that we just
constructed, and that E' is also a field of order . ThenE = E’.

Proof:
Since E' is finite, its prime field must be cyclic of prime order,
and since its order is a power of p. the prime field will be F,.

Every element in (E')" is a root of x** —1 hence all elements of

E' are roots of x° —x , and the polynomial factors completely
over E".

We now use the fact that E* is cyclic: we take a generator « of
E*, and let m(x) be its minimal polynomial over F,. We must

have m(x)| x* -x .

Since E' contains all the roots of x% —x, it must contain a root S
of m(x).
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We construct our isomorphism ¢ from E to E' by mapping 0 to
0, and «'
to p'.

We first show it is onto E':
It is sufficient to show that S generates (E')*.
Suppose negatively that £ has order r <q—1. Then it is a root

of the polynomial x" —1. Since m(x) is the minimal polynomial
of B, we then get that m(x)| x" —1. However from this it

follows that also « is a root of x" —1. However, we chose « as
a generator of E* and so its order is q — 1 — contradiction!

Since ¢ maps a finite set to a finite set of the same order, it
follows also that the map is therefore 1-1.

We now show that ¢ is multiplicative and additive:
By definition it is multiplicative as «'a’ =™ will be mapped
to BB =p"", and if one of the factors is 0, it will be mapped to

0.
We now show it Is additive.

Clearly for any a in E: ¢(a+0)=¢(a)=¢(a)+¢(0).
Now we assume we have two nonzero elements in E: «',a’ .
We need to check two cases —

a +al=0

a +al #0.

If ' +a' =0then « isaroot of x'+x’ and so m(x)| x' +x’,
That implies that A is also a root of x' +x’, and so g'+3' =0,
giving:

(o(ai)+(p(aj):ﬂi + ! :0:(p(0):(p(05i +aj).

If ' +a' =0the we have k such that &' +«' = &*in which case
a is a root of x' +x! —x*. As before this means that
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m(x)| x' +x’ —x* which implies that g is also a root of
x' +x' —x* and so B' + B’ = B*as required.

This completes the proof of the existence and unigueness
theorem.

Detailed example: GF(9), and factorization of x° —x over
GF(3).

GF(9) is the splitting field of x° —x over GF(3) and every
element is a root of this polynomial.
We now factor it over GF(3):
x° —X = x(x8 —1)= x(x4 —1Xx4 +1): x(x2 —1Xx2 +1Xx4 +1)
By trial and error we can factor x*+1to a product of quadratics
over GF(3): x*+1= (x2 + x+2Xx2 +2x+2)
These are both irreducible over GF(3) as they have no roots in
the field.
Similarly, x*+1 is irreducible.
We have x* -1=(x+1)x+2) over GF(3) so finally:
x® = X = X(X + 1) (x + 2)(x? +1)x? + X+ 2)x? + 2x + 2).

We know that GF(9)* is cyclic, so if «is a generator, which of
the irreducible quadratics above is its minimal polynomial?
We know that o will be of order 8.

Clearly any root S of x*+1satisfies B8* =1so it cannot be a
generator.

The roots of x> +1will bea?, a* .

The other powers of « will all have order 8: «, «® «°, «” and so
any of these can be generators of GF(9)*. They must therefore
be the roots of the polynomials x* +2x+2 and x*+x+2.

WIlog if « is a root of x* +2x+ 2 then we can check to show
that its other root is «°. The roots of x*+x+2 will then be «°, a’.
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It is important to remember that we can generate the field of
order 9 also by taking x* +1. In other words, we have:

F[x] ~ R[x]
F[X](x* +1) ~ %3[x](x2 +X+2)

- even though the roots of x* +1do not generate the cyclic group
of the field. However, the element 1, together with any root of
either quadratic polynomial will be a basis for GF(9) over
GF(3), as they are linearly independent over the prime field.

Corollaries from the theorem:

1.  For every natural n > 0 there exists an irreducible
polynomial of degree n over GF(p).

Proof:

Look at the field GF (p”) and take a generator a of GF(D")* :
Let m(x) be its minimal polynomial over GF(p). Then we have:

GF(D“)E i [X%p [x]m(x)

From which it follows that the degree of m(X) must be n, and it
Is irreducible as it is a minimal polynomial.

Note that a similar argument will give us that there is an
irreducible polynomial of degree n over GF(q) for any prime
power .

2. Any two extensions of degree n over a finite field are
isomorphic.
In particular, for any two irreducible polynomials f, g of
degree n over GF(p) we have:

F,[x] _Folx]
%p [x]f (%)= %p [x]g(x)
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We saw this an example of this in GF(9), taking two different
polynomials to generate the field.

Factorization of x" -1 over GF(p).

We assume we have an irreducible factor f of x" -1.

Case 1: n=p*
In this case we have f(x)] x"-1=x" —1=(x-1)"
So that f(x)=x-1 and the factorization is simply x"-1=(x-1)" .

Case 2: n=p*m, (p,m)=1

In this case we have f(x) x" —1=x"" —1=(x" -1)"

So that f(x) x" -1 and we need to determine the factorization of
x™ -1 where (p,m) =1.

We shall therefore concentrate on Case 3: (p,n) =1.

We claim first that in this case there exists some k such
thatn|p* -1:

By Bezout we have u, v such that pu+nv=1 S0 nv=1(mod p).
This means that p is invertible in the ring %Z.
The set of invertible elements (Z nZ)* is a finite group, hence

every element is of finite order, and so we have some k such that
p* =1(mod n) which means that n|p* -1.

We assumed f(x) x" -1 so if a is a root of f we have a" =1.
Since n| g-1 we then have that a®* =1s0 a is an element of F, .
Therefore F, contains all the roots of all the irreducible factors
of x"-1.

Hence any irreducible factor of x" -1 over GF(p) is also an
irreducible factor of x* —x.,

So in fact we need to investigate:

70

,NP'ONNNY DN 7Y 'WIRD DYIN'YY 711X TV DR'0NNNN1DYTAN DRIINA Y7RI0YY DRARWA 1107 nvimin yap '
,N0N WIN'Y 10T 77521 ,NMINXK N10N 757 DT yaipa INY7) win'y NIYYY? 'K .0NMIMDA ARINYE N7 D ,np'T'o
10N 770 IR DT yalp 7 Ny NINKR 0T Y90 IR 12D NIYA7 nTavn L (DNmn T'7n 12 1900 N INK 0YNnY?) INK INKA DI0ND



The factorization of x** —x over GF(p).
Example: Factorization of x** —x over GF(2).

We know that GF(16) is the splitting field of x*° —x, and that
every element of the field is a root of the polynomial. Hence

every element is a root of some irreducible factor of x*° —x over
GF(2).

Let o be aroot of x*+x*+1 in GF(16).
We have (x* +x° +1) = x®+x° +1 over GF(2).
Hence «? is also a root.

Similarly (x* +x® +1)' = x* + x* +1 so that «* is also a root, and
finally «® is a root as well.

We can therefore begin to factor:
X' —x = x(x +l)(x4 +x° +1)h(x)
roots: 0 1 a,a? a’ ab
- so all other elements of GF(16) will be roots of h(x).

We note that «°is of order 5 and so is a root of
x* +x° +x®+x+1. We have already checked that this polynomial
Is irreducible over GF(2).
Its roots are «®,a®,a°,a and this polynomial must therefore
also divide x* -x, and so divides h(x).
We now have:
X2 = x = X(X+ 1) X"+ x° +1)x* +x® + X% + X +1K(X)
We continue to factor k(x) which is of degree 6.

We note that «’is of order 3 and so is a root of x*+x+1. We
have already checked that this polynomial is irreducible over
GF(2). Hence this polynomial divides k(x) and its roots are:

5 10
a’,a .

We are left with the remaining factor of k(x) which is of degree
4,
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The roots of this factor are those elements of the field that
remain:
o™, o, o', o’ which can also be written as o, a %, a™, a8,

Observe that since a* +a®+1=0, we have:

0=(a'+a® +la* =l+at+a™.
This means that « is a root of the polynomial x* +x+1, which
turns out to be irreducible and the remaining 3 elements of the
field are indeed the other roots.

We now have the full factorization over GF(2):
X' —x = x(x +1)(x4 +x° +1Xx4 +x°+ %%+ x+1Xx2 -+ x+1Xx4 +x° +1)
In fact we have the following theorem:

Theorem:

xP" —x factors over GF(p) as the product of all the irreducible
polynomials of degree m for m|k over GF(p), and each factor

appears exactly once.
The above example illustrates our theorem.

We now summarize the method for factoring x" -1 over
GF(p) using the following example:

x* -1 over GF(5)

x® —1=(x" -1 (mod5) S0 we need to factor x” -1.
x> —1. so that all its irreducible factors are factors of x” -1,

moreover they are distinct so we have that X’ —JJ x¥ 11,

We therefore have to lookk at its factorisation over GF(5).
By the theorem we know it is the product of all irreducible
polynomials of degrees dividing 6 over GF(5).
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Since we have x” —1=(x—1)(x® +x° +x* + x* + x* + x+1), this tells us
that the factors of the polynomial of degree 6 can be either of
degrees 1,2,3 or 6. There can be no irreducible factor of degree
4 or 5.

We leave the remainder as an exercise.
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14. Applications of Galois theory, constructibility by straight-edge
and compass, squaring the circle, doubling the cube, trisecting an

angle.

$DNNMY D90 M

Constructions with straight-edge and compass:
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Basic constructions.
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Intersections of straight lines and circles.
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http://commons.wikimedia.org/wiki/Category:Animations of rule
r and compass constructions

75

,N'ONNNY DN 7Y 'WIRD DYIN'YY 711X TV DR'0RNNNI DYTAN DRI '7RI0YY DKW 107 nvimn yalp '
,N0N WIN'Y 10T 77521 ,NMINXK N10N 757 DT yaipa INY7) win'y NIYYY? 'K .0NMIMDA ARINYE N7 D ,np'T'o
10N 770 IR DT yalp 7 Ny NINKR 0T Y90 IR 12D NIYA7 nTavn L (DNmn T'7n 12 1900 N INK 0YNnY?) INK INKA DI0ND


http://commons.wikimedia.org/wiki/Category:Animations_of_ruler_and_compass_constructions
http://commons.wikimedia.org/wiki/Category:Animations_of_ruler_and_compass_constructions

The Classical questions:

1. Squaring the circle.
2. Doubling the cube.

3. Trisecting an angle.

ONIPN MYNYD

£ Y77) DN
D0VNN NN Y110 1
PPN NN 9290510 2
IMNY NP VIOV TN POND 3

D92)9N Ny
Reduction to the construction of points in the complex plane.
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INNY D70 Y T-DY 117120 NIN NPOINNT NPDIIYW NN NTIPI DOV NI

:MININ MIRYI MNPY NPORIPN MINWYN
AT PMRY YOP 1329 NIPY — YN NN YaT 1

. X2 9NNV YyOP NMIAD NOPY — NPAIPN NY9ON 2

— MY NPT VIOV I NPIDN 3
D9 DN, Z =C0Sax +isina : NTIPIN NN DN : INIAN MPYIAD NIPY

Az = cos%+isin% :NTIPIN NN NN2D

191999V 1519 MIONIPH MINYN VIV MAIVNN

MINNDN NNONNY ¥ 0> InXY Abel , Galois Sv mymayn Sy 191100 NININN
NINad
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Statement of Galois' Theorem and explanation:

Letz,--,z, eC, F :Q(zl,---,zn,z_l,---,z_). Then z is constructible using
straight-edge and compass if and only if z< F(u,,---,u, )whereu,” € F , and
eachu,’ e F(u,,---,u,,).

A field of this type is called a root tower over F.

Examples of root towers over Q:

Qlv2)= o V2.V2 -5 ) = V2,2 -5,43)
(i)

Qc=Q(i)=Q

Answers to the classical guestions:

Pierre Laurent Wantzel (June 5, 1814 in Paris — May 21, 1848 in Paris)
proved in 1837 that constructions 2 and 3 in the list of classical questions
above were impossible to solve using only compass and straightedge:

Clearly /2 does not belong to a root tower since the dimension of a root
tower over the rationals will be a power of 2, whereas [Q¥/2): Q|=3.

Similarly, given a complex z, such that x* —z is irreducible over Q(z) we
also have ‘Q(%/E): Q‘ —3hence we cannot construct ¥z .
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http://en.wikipedia.org/wiki/Paris
http://en.wikipedia.org/wiki/Compass_and_straightedge

DV 1882 -1 NNONN MIAPYA NN — NIYRIN NORYD D) NODPOWN NIVNN
DYDY HY DOYNVY DK DY ,0M1YN DN 7 e D9onnw Lindemann
TPY19 )T IR DIV ION 7 D) 199) DP9V DINTEN DY

We note also that Galois' theorem shows that the ruler and straightedge
constructions we listed above are essentially the only ones possible.

: Gauss-Wantzel vawsn

Theorem (Gauss): A regular n-gon is constructible using straight-edge
and compass if and only if n=2°p, x---xp,, p,,..., p, distinct Fermat

primes.

(MHINNXY 570 NIY) OXTPTP N HYA HOIWN NI NNAD NN NN DIND
DY DMNYNRI DY INYID 1901 DY TN PNVID 2 DY NN YW ND95n XN N ONX
;9295 .Fermat

Fermat by 0w o»NUNI p,,..., p, YR ,n=2°p, x---x p,

2NN D) NXIN NTHOIRINY 1PN INRY NN Wantzel

Fermat primes — definition and examples.

SR eIN)

2!’1
27 +1 : 1NN MNWYRT 1901 NN Fermat bv »"IwN 9900

.N=3=2+1.n%p 8T nYnn

.12320 Y1) 550w YN T
27

NI AN NN w=¢? = cosz?ﬂ+ isin%” NTIPIN DY OYD1NN DNIDON

X x+1

YOI M2) TWND D2 PRY MTIPIN NYNY —1£1V3 . pyw NN DWW 1)
2

.1 D72 DHvna OIDNND MYDN NV

This following example utilizes much of the material learned in the
course and so is an appropriate conclusion:

Detailed construction of a regular pentagon:

MVIN YV Na

N=5=22+1.9m5 n9nxn NoNT
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Algebraic construction of root tower: Q c Q(a)< Q(p)
wherea = p+ p*, p=%1, calculating minimal polynomials of & over Q
and of poverQ(a):

27
p=e’ = Cos%ﬁisin%ﬁ : NTIPIN NN NNIAY NUYNY DY

We show how solving the quadratic equations gives solution by radicals
of x* +x® +x®+x+1=0and so explicit formulas for p using radicals, and

so also of length of side of regular pentagon, inscribed in unit circle:
XXX A X41 DN Y WY NI p
a=p+p=p+p* PN
:9925 DOWUN OUNN 199N NI a IN

a’=(p+p) =p*+p°+2pp=p* +p°+2
a+al=p+p+p +p°+2=1

e \2'1+4 ;0N PYNVY X2 + X =1 290 191970 YW N NXIN o 19D

NMYNIN Y9292 5 5Y >IN YNWS DIRNNDY PNINST XIN) o = ‘1; 5

12NN ONY HYWHOTIN NN MNVYN YNV D 1D DY)

(x=p)x=p)=x*—(p+p)x+1=x—ax+1 515 v ny>

ng—“ 0N PYNWYQ(ar) YYD X2 —ax+1 : DINON YW WY NI p 1O
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We now have the root tower: Q c Q(a) < Q(p).

T PYUNIN P393 NV 92PY 2T + 900 1Y N

p:a+\/a2—4

2

[—1%@} (—1“6}2 4
2 2 _ —1+V5 .y10+2V5
4

2 4

We have shown Q(p)= Q(\/E V10 +24/5 j

:TPIN 29 (1,0) DTPIN P2 PNINN XIDK 17 1NVINN YW YO8N TN

[—1+v@ \ﬂ0+2J§J
’ 4
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2 =

\/[ﬂ_ ]ZM _ [5=5 .onw
16 2

NN 9370 YT-5Y MY 1MV TN 1IN N -
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Geometric construction using the algebraic information.

:DVIININ NN

.A=(0,1) yoo)
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.[_ 1,45 0] 30 YWY B 0TI nX NN 1m mAtya
2 2
9D INVIAN YO TNN P> A-D NN PNINN

1 5 [5-45
~AB=\/1+[—E+7J = T

DYOVNY 1N DYNI — NHVINL NV TPTP AN A NTIPINND DIVNN DY INMN NNP)
DYTPTPN INY DX

£ 712N HY NN DN NYO

http://www.mathsisfun.com/geometry/construct-pentagon.html

) s )97

NN DN NN TIT2 NYDP N0V DXYWONL D IPNXI
ANVINT YN NIN NYYNID

http://cage.ugent.be/~hs/polyhedra/dodeca.html
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.36, 72, 72 .0 (MHYyn1a) Y rn»n
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